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By using an iterative algebraic method, we derive from a spectral problem a hier-
archy of nonlinear evolution equations associated with dispersive long wave equa-
tion. It is shown that the hierarchy is integrable in Liouville sense and possesses
bi-Hamiltonian structure. Two commutators, with zero curvature and Lax represen-
tations, for the hierarchy are constructed, respectively, by using two different sys-
tematic methods. Under a Bargmann constraint the spectral is nonlinearized to a
completely integrable finite dimensional Hamiltonian system. By introducing the
Abel-Jacobi coordinates, an algebro-geometric solution for the dispersive long
wave equation is derived by resorting to the Riemann theta functio@0@b
American Institute of Physic§DOI: 10.1063/1.1857064

I. INTRODUCTION

The development of a integrable system representing well-known physical phenomena has
shown to be meaningful and valuable. For instance, the illustration of the bi-Hamiltonian structure
of a system of partial differential equations is proven to be a direct and elegant method in
establishing the complete integrability of the syst]e‘rrﬁf a set of partial differential equations can
be formulated as a Hamiltonian system in two distinct but compatible ways, Magri had proven in
Ref. 1 that this gives rise to an infinite sequence of conserved Hamiltonians which are in involu-
tion with respect to one of those two symplectic structures. Recently, two constructive approaches
that can handle both finite-dimensional and infinite-dimensional integrable Hamiltonian systems
were successfuly developed. The first approach is based on the trace i?ﬂawﬁﬁ;qh is effective
in constructing the infinite-dimensional Liouville integrable Hamiltonian systems. Starting from a
properly defined isospectral problem, many integrable hierarchies and their Hamiltonian structures
(e.g., AKNS, TC, TA, BPT, Yanghad been obtained by applying this mettfotf. The second one
used nonlinearization techniqﬂfe%zwhich has also been proven to be powerful for obtaining new
finite-dimensional integrable Hamiltonian systems from various soliton hierarchies. Under the
Bargmann or Neumann constraints on the potentials and the eigenvalues, which play a central role
in the process of nonlinearization, the related eigenvalue problem can be nonlinearized as a
finite-dimensional completely integrable system. This covers the eigenvalue problems associated
with the well-known soliton hierarchies such as the KdV, AKNS, Jaulent—Miodek, Kaup—Newell,
etc1%Y’An advantage of this method is that its solution to the soliton equation associated with an
eigenvalue problem can be reduced to solving a compatible system of nonlinear ordinary differ-
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ential equationS™® This approach has now been further developed to a general method for
handling higher order constraints associated with infinitely many hierarchies of finite-dimensional
integrable Hamiltonian system&.%°

The algebro-geometric method is an analogue of inverse scattering transformation. It was first
developed by Dubrovin, Its, Matveev, and Belokotsl>"**and more recently by Gesztesy and
Holden?* The method can derive an important class of exact solutions, which is called algebro-
geometric solution, to the soliton equation such as KdV equation, sine—Gordon equation, and
Schrddinger equation. In the degenerated case the method gives the soliton solution and elliptic
function solution. Recently, an alternate approach based on the nonlinearization technique of Lax
pairs or the restricted flow technique has been propf)ss‘éa.By this method or other
method<® 33 algebro-geometric solutions fdd +1)- and (2+1)-dimensional soliton equations
can now be obtainetf

The dispersive long wavéDLW) equation

Up = 2UUy + 204 + Uyy,

U= 2(Uv)y — Uyx (G

was first derived by Whitham and Broer for simulating dispersive waves in shallow ¥atets
symmetries, conservation laws, similarity reductions, painlevé property and soliton solutions had
been fully discussetf >8In recent years, the following spectral problem associated with the DLW
equation(1.1),

w-uw-(_%(x_u) -’ )w (1.2
S 1 OIS '

has been proposéa'?QUnder two different constraints between the potentials and eigenfunctions,
the nonlinearization of the spectral problem gives two kinds of finite-dimensional completely
integrable systents By using gauge transformation

~ 1 0

d)XZ( )1//, N=2ip, U=2ar, v=Qq+pry,
0 -1

the spectral probler(iL.1) can be shown to be in close analogy to the classical Boussinesq spectral

problem,

@X:(—in—ar q+,8rx>l~p.

-1 ig+ar

Therefore, the DLW hierarchy is intimately related to the Boussinesq hierarchy, whose algebro-
geometric solutions can be found from the work of Gesztesy and Héfden.

In this paper, we would investigate some aspects related to the DLW equatiprand its
spectral problen{1.2). In Sec. Il starting from a spectral problem, we first derive a hierarchy
associated with the DLW equation by using an iterative algebraic method. It will be shown that the
hierarchy is integrable in the Liouville sense and its bi-Hamiltonian structure can be established
from trace identity. In Sec. Ill we present a systematic method to construct a zero curvature
representation for the hierarchy. In Sec. IV, from the nonlinearization of the spectral pradb2m
we devise a finite dimensional completely integrable Hamiltonian system under a Bargmann
constraint. The Abel-Jacobi coordinates are introduced in Sec. V from which the algebro-
geometric solutions for the DLW equations will be derived by resorting to the Riemann theta
functions.
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II. DLW HIERARCHY AND ITS BI-HAMILTONIAN STRUCTURE

We first recall briefly some notations from the theory of generalized Hamiltonian equgtions:
Let G be a finite-dimensional Lie algebra overand G be the corresponding iterated algebra,

G=G® (AN,

whereC[\,\"1] is the set of Laurent polynomials i Suppose thafe;, ..., e,} is a basis ofG.

The set{e,(n),...,e,(n)} is then a basis 01’(~3, where g(n)=e(0)\"=e\". For e(n)e(~3, i
=1,...,p, its gradation is defined by

dege(n)) = dege\") =n.

Consider in the following a general spectral problem:

e=UU,N) ¢, (2.1

where u=(uy, ... ,up)Te S, Sis a Schwarz space, andis a spectral parameter. The function
U(u,\) can be unified to the following representation:

U=R+ue + -+ +UsE,,

whereR, e, ..., g€ G. We define the ranks fat,u,\, andx e G in such a way that iabis well
defined for any two entitiea andb, then

rank(ab) = ranka) + rankb).

We also define the rank d&® in such a way that above elemddthas homogeneous rank, i.e.,

rankR) = ranku;e,) = - -+ =rankuye).

Finally, we define

rankx) =dedx), xe E;, rank\) = dedx\) — dedx),
ranku) =a-¢, rankd)=a,

rank8) =0 (B =constany,

where de¢R)=« and dege) =¢;.
Denote

0:= 2 O O-= 2 Ons

n=m n<m

and callg, the positive part ofy, wherem e Z is a properly chosen integer.
The DLW hierarchy corresponding to equatidnl) derived from the spectral proble(h.2) is
now given to be a basis of iterated algebra oves follows:

A0 0 A" 00
h(n)=( 0 _1)\,1), e(n)=(0 0), f(n)=()\n 0), (2.2
2

such that the following equalities,

[h(m),e(n)]=e(m+n), [f(m),h(n)]=f(m+n),
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[e(m),f(n)]=2h(m+n),
hold. The gradation for the basis is defined by
degh(n) = dege(n) = degf(n) =n.
From Egs.(2.2), theU in (1.2 can be expressed as

U=-h(1) + f(0) + uh(0) — ve(0),

and we have

degh(1)=1, dege(0)=degf(0)=0,

rank\) = rank(d) = ranku) = rankv) = 1.
The adjoint equation
V,=[U,V]=UV-VU
with
V =ah(0) + be(0) — cf(0)

can be solved and we obtain

a,=2vc—-2b, b,=-b\+ub+uva,

Cy=C\A+uc+a. (2.3
Substituting the Laurent expansiax>a,\™™, b=2b, A", c=Zc, A" into (2.3), we obtain the
following recursive formulas:

Amx= 20Cy — 2by,
Brmx= = Bme1 + ULy +vay,

me: Cm+1 + ucm+ am (24)
Taking ay=0, co=«, by=av, we further derive fron(2.4) that

)2
Crm1 Cm /)’
wherelL is the matrix operator defined by

(—a+a‘1ua Ta +v>
2 a+u '

Set

n

(\"V), = > [aph(n = m) + bye(n—m) = c,f (n - m)].

m=0

Then,V,=[U,V] implies that
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~(A"V) i+ [U,(\"V), ] = = (\"V)+ [U,(\"V)_]. (2.5
Notice that all the terms on the left-hand side(®f5) have degrees 0, whereas all the terms on
the right-hand side of2.5) have degrees0. Therefore, we have

- (\"V) i +[U,(\"V),] e Ch(0) + Ce(0) + Cf(0). (2.6)
In other words, we only need to calculate those terms that coht@ine(0), f(0). Direct calcu-
lation shows that

- ()\nv)+x + [Ua()\nv)+] = bn+1e(o) + Cn+1f(0)-

To cancel the ternt,.,f(0), we introduceA,=c,.;h(0). It is then easy to prove that, for™
=(\"V),+A,, we have

= (V) o+ [U,(V),]= = Cre11(0) ~ 380.1,8(0).
Then zero curvature equatidhy— (V™) +[U,(V"),] gives the following DLW hierarchy:

W=Crie Ui=38mne N=1,2,.. . (2.7

We note here that the first two representative systems in the hieré2chyare

th= aux, Ut = Qy,

U= a(Ugy + 204+ 2UL,), U= al— vy + 2U0 + 2UDy).

The second system is exactly the DLW equatitrl) in the case whemr=1.
The following theorem serves to develop the Hamiltonian structure of the hieré2chy
Theorem 2.1: The hierarchy(2.7) possesses the bi-Hamiltonian structure

SH Mo
= (2.9
ow ow

we=J

where the vector functiomv, the Hamiltonian operator3,K and the Hamiltonian function are

given by
u 20 #+du
w= , K=JL= 5 ,
v —dJ°+Uud vd+dv

0 4 1
J: 9 O ’ Hn:§a1'1+2! n:0111 . (29)
Proof: We introduce
1
la,
Gn+1:<2 " l). (2.10
Cn+1

then hierarchy(2.7) can then be rewritten in the form of

W, =JG,i = KG,, = IL™G, = JJIK)™IG, n=1,2,.., (2.1

whereG,=(0,1)".
We take the Killing—Cartan formA,B) to be t(AB). From direct calculation we then obtain
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Ju 1 ou 1 Ju
V,— ) =—-—a, V,— ) ==-a, V,— ) =cC.
I\ 2 Ju 2 Jdv

By using the result of trace identifywe have

Substituting

a=>a\N", c=>cA"
n=0

n=0

into the above equation yields

1)

1
5\_N<_ Ean+1) :(')’_n)Gny (2-12)

which holds for alln=0,1,2,... . The conditionn=0 in (2.12 gives y=1. Therefore, we obtain

(2.13

whereH, is given by(2.9).

Combining(2.11) with (2.13 we then obtain the desired Hamiltonian formulati@B) for the
DLW hierarchy(2.7).

Itis crucial to prove the existence of infinite involutive conserved densities. The inner product
between two function$ andg is defined by

(f,9) =J fg dx,

and the Poisson bracket is defined by

.} = (ﬁ Jﬁ)

Finally, the integrability of the hierarch§2.7) or (2.8) is given in the following Theorem 2.2.
Theorem 2.2: The Hamiltonian functiongH,},_, defined by(2.9) constitute common con-
served densities for the whole hierarct®.8). It other words, it is an integrable Hamiltonian
system in Liouville sense.
Proof: It is easy to see thalL=L"J. We then have

={Hn2,Hm-1}-
Repeating the above argument gives

)—(L“*lGO,JLm"lG) (L™1Gy, L"ILMGp) = (L™2Gy, ILMGy)

{anHm}:{HmiHn}:{HmmrHO}- (2-14)
On the other hand, we have

{HmHp} = (L™1G, JL™Gy) = (I L™ G, L™Gp) = = {Hp,Hp}- (2.19
Combining(2.14) with (2.15 gives
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{HmHn} =0,

which implies that{H,} are in involution. Furthermore, we have

JERREIEL X e

This implies that{H,} are also conserved densities.

Ill. ZERO CURVATURE AND LAX REPRESENTATIONS

The zero curvature and Lax representations are two different commutator representations of
nonlinear evolution equations. They play an important role in the investigation of integrable
systems. To obtain the two commutator representations for the DLW hieréchybased on the
general spectral problerf2.1) we first propose an approach to derive a hierarchy of nonlinear
evolution equations from which their zero representation can be obtained. Recall that the Gateaux
derivative of a spectral operatf{(u,\) in directioné=(&;,&,, ... ,gp)T at pointu is defined by

d
U'(§) = U+ &8)|o=o-

Denote
S\ SN\
(22
Uy oy

to be the functional oh. If there exist twop X p matrix integro-differential operator§ and J
depending oru such that

KVA=AIV A,

wherek being a constant, theld andJ are called a pair of Lenard’s operators.
By using the pair of Lenard’s operatoks and J, we can define the Lenard’'s recursion
sequence by

GQ € KerJ:{G|JG}, KGJ'_]_:JGJ', ] = 1,2,... .

The corresponding fielX;=JG; produces a hierarchy of nonlinear evolution equations connected
with the spectral problen2.1) as follows:

U = X,(w) =JJK)"Gy, n=1,2,... (3.

The zero curvature representation of the hierar@g) can now be constructed using the follow-
ing theorem.
Theorem 3.1: Suppose that

(@ GpeKerd=G|JG.
(b) For arbitrary given vector functio®=(GW, --- ,G®)T, the following operator equation

V,—[U,V]=U'(KG) - \PU’ (JG) (3.2
has a solutio’V=V(G).
Let
n n
A,= 2 Vj)\ﬂ(n—i) = 2 V(Gj)hﬂ(n_n,
j=1 j=0

whereV;=V(G)). The hierarchy(3.1) then possesses the following zero curvature representation:
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Ut_Anx+[UvAn]:O (3.9
and also the following Lax pair:
W=U¢,  dh=Ay.
Proof: SinceG, € Ker J={G|JG=0}, we have

n n

Anx=[U, Al = 2 (Vi = [U VDN = 3 U (KG_y) = MU' (IG ) NP
j=1 =1
n n-1
= > U (G - XU (IGNPMTIY = U (IG,) - U (IGON™Y = U’ (X)),
j=1 j=0

where the vector fielK,=JG,=KG,_;.
SinceU;=U’(uy, it follows that
Ut - Anx+ [UyAn] = U/(ut) - U,(Xn) = U/(ut - Xn) =0.

The construction of the zero representation for the hieraf2hg is given in the following
theorem. We first need the following lemmas.

Lemma 3.1Let \ be an eigenvalue of equatidh.2). The functional gradien¥\ of A is then
given by

-1
VA= ( f 1/11¢2> (Yaiho, = 05)",

whereK andJ are the pair of Lenard’s operators

KVA=NIVA, (3.9

and{G;} is the Lenard’s sequence

KG,1=JG, j=1,2,.., (3.5

whereK andJ are defined by2.9) and(2.10.
Proof: The result can be directly computed frqth2).
Lemma 3.2The differential map ofJ(u,\) in (1.2 is given by

6 &
0 -3&
so thatU’(¢) is an injective homomorphism.

Lemma 3.3:If g=1 in (3.2), then for arbitrary given vector functio=(G",G?)T, the
following operator equation

U’(§)=< ) £=(6,8)",

V, - [U,V]=U’(KG) - \U’(JG) (3.6)
has a solution
-I\G? +1(G? +uG?) GY -vG®?
V=V(G)= ) (3.7
G@ %)\G(Z) - %(GE(Z) +uG?)

Proof: By representing the commutatd,V] asU=Uy+U;\ andV=V,y+V;\ such that

1 1

su —v) (§ 0)
Ug= , U= ,
0(1 -3u ! 0 -3
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(A B) (D 0 )
VO: f V]_: y
cC -A 0 -D

whereA,B,C,D are four undetermined functions, we have

[U,V]=[Ug, Vol + (Ug, V1] + [Ug, VoD\ +[U1,V4IN2 = [Ug, Vol + (Ug, V4] + [Ug, Vo)A

-vC-B 2vA+uB 0 2vD-B
= + , (3.9
2A-uC B+uvC 2D+C 0
and
G o 2GY + G2 + uG? +u,G? oo G? 3.9
\-cW+uc? + 20G? +4,G? )’ “\G® '

X

Substituting(3.8) and(3.9) into (3.6) and comparing the corresponding elements in both sides of
the matrices, we can determine the values @, C, andD from which the solutior/ as given in
(3.7) can be obtained.

Finally, from Theorem 3.1 we have the following.

Theorem 3.2: Let

n n
An= 2 VAT = X V(G)A,
j=1 j=0

whereV;=V(G;) is given by(3.7). The DLW hierarchy(2.7) possesses the following zero curva-
ture representation:

U'[_AHX+[U1An]:01 (310)
and the Lax pair

W=y h=An.

Similarly we can obtain the Lax representation of the hieran@hy) through the following
lemmas and theorem.
Lemma 3.4The spectral problenl.2) is equivalent to

-2d+u —-2v
L:,b:< -2 29 +u>¢:)\l’/j' (3.19
where the differential map df=L(u,v,\) is
&1 ‘2§2>
L'(¢ = ,
(& (o £

andL’(¢) is an injective homomorphism.
Proof: Direct calculation from(1.2).
Lemma 3.5For arbitrary given vector functio=(GY,G@)T, the following operator equa-

tion
[V,L]=L"(KG)-L'JG)L (3.12
has a solution
V=V(6) = (%(Gf) +uG?)  G-vG? ) (‘ 670 )L. (3.13
G®@ -3(GP? +uG?) 0 -3G®

Proof: Representing the commutatv,L] of L=Ly+L,d, andV=V,+V,d, such that
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L_(u —20) U_(—z 0)
°"\-2 u /0 Tt \o 2/

el2 2] uels
°“\c b)? *"\o F/)

whereA,B,C,D are four undetermined functions, we have
[V,L]=[Vo,Lol + [Vo,L1dy] + [V1dy Lol) + [V1x L1dx]

=[Vo,Lo] + ViLlox = L1Vox + ([Vo,La] + [ V1, Lol + Vil — L1V1,0 64
~ (— 2B+ 20C+Uu,E+2A, —20(A-D)-2v,E+ ZBX>

2(A—D)_2Cx 2B - 2vC + u,F — 2D,
2E -2v(E-F)+4B
. ( ) v(E~F) ) ) (3.14)
2(E-F)-4C ~ 2K
We also have
ol Lo (290 et
VIKGI-L'OeL=\ " _ce &
262 +G2 +uG? - 46 26 - 206 - 20,G?
+ (2) (1) (2) (2)
ZGX 2G“x + GXX + UXG
(3.19

Substituting(3.14) and(3.15) into (3.12 and comparing the corresponding elements on both sides
of the matrices, we then obtain

A=-D=3G?, B=G{”, C=0, E=F=G®.

Sinced, =L (L-Lg), we have

1~ (1)
G G @ 0
(S )7 &)

0 -3G2/) \o 6@
_ (%(G)((Z) +uG?)GY - vG? ) . (— 362 0 )L
G@ - %(G&Z) +uG?) 0 %G(Z)
Theorem 3.3: Let
n n
B,= > VL™ = X V(G)L"T, (3.16)

=1 j=0

whereV;=V(G;)), Gj:(Ggl),GJ(Z))T, and the matrix functiolV satisfies(3.13. The DLW hierarchy
(2.7) possesses the foliowing Lax representation:

L =[Bg,L], (3.17)

and the Lax pair

L=\, =By
Proof: From (3.12 and(3.16), we have
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n n

[Bp,L]= 2 [V;,LDL™ = X [L'(KGj_y) - L' (IG;_pL]L™]
j=1 j=1

n-1

=2 L'QG)L™T - X L' (IG)L" T =L'(IG,) - L' (IGy) = L' (X,).
j=1 j=0

SinceL=L'(uy), it follows that
Li—[BmL]=L"(u) - L' (Xpn) =L" (U — Xp) = 0.

The proof is completed.

IV. A FINITE DIMENSIONAL HAMILTONIAN SYSTEM

To construct the algebro-geometric solution of DLW hierarchy, in this section we investigate
the finite dimensional Hamiltonian systems associated with the spectral prébl@nthrough a
nonlinearization approacfi:*Let \;, j=1,...,N beN different eigenvalues of equati¢h.2), and
(pj,q;) be the associated eigenfunctions, i.e., we consider the folloWiegenvalues:

(pj> =(_%O\j_u) o )(pj). (4.
Qi / x 1 2(\j—u) /g

Denotep=(py, Py, -..,Pn) " 9=(01,0s,...,qy) ", and O=diag\y,\,, ..., \y). From the Barg-
mann constraint

v) < ( (P, )
= = VA = , .
G (u) 121 Mo @2
we then obtain
_(u)_ —<o|,q>>=
w=(*)=(752) < npa “3

From the constraint4.3), the equation(4.1) can further be nonlinearized into the following
finite-dimensional Hamiltonian system:

1

1 oH
px—‘E Dp-5<q.Q>p-<p,Q>q—-(9—q,

1 1 JH
qx=p+5Dq+5<q,q>q=ﬁ—p, (4.4)

whose Hamiltonian functioi is given by

H=3(p,p) + 3(0p,a) + 3(q,9)p, O).

In the following, we proceed to show that the Hamilton systdm) is completely integrable
in the Liouville sense. The Poisson bracket of two functions in symplectic gpgtiedpdq) is

defined as
N
JF 0G  9F 9G JF 0G JF dG
(F,G):E(—————):<—,—>—<—,—>,
j=1 \90; Ip;  Ip; 9q; Jaq dp ap dq

which is skew-symmetric, bilinear, and satisfies the Jacobi identity. In partiduland G are
called involution if(F,G)=0.
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Consider a bilinear functio®, (p,q)=((\1-0)"*p,q) such that

N
VA Q,\(p,q)
G, =G —J—:< ) 4.
! °+,§1>\—>\,— 1-Q\(0.0) 49

From (3.4) and(4.5), we have

1y —
v =v(e) :( AP ~(pa)+ QAUPP) )
1-Qy\(aq,0) A+ Qy\(p.a)
Let F,=detV,. Then, we have

Qp.p) Q\(p.a)

—_ L 2_
Fy=— 72— Q\(0Op,q) + Q\(p,p) +(p,p)Q\(q,q) + Qg O.(aq)

1 o0
=- 2+ 3 Fp, (4.6
m=0
where
Fo=2H,
(@p.p) (0" p,ap
Fm=—(0™p,p) +(p,q)"q,q) + - o .
m PP + 2 |y i gy

By considering thaF, is a Hamiltonian in the symplectic spac@®N,dpdg), the canonical
equations of thé-,-flow can be computed as

d (pk> (‘5':)\/(9%() (Pk)
— =IVF, = =W\, N\ ,
dn \ 0k M\ aFJapy “\a

where

2 1 0
W\ N = )\_—)\kvx +(1 _Qx(vaI))<o _ 1) :

Lemma 4.1The Lax matrixV, satisfies the Lax equatio@.7) alone thet,-flow:

dav
DY
and
(F,F0=0, OlueC, (4.9
(Fj,Fk)ZO, Dj,kzO,l,... . (49)

Proof: Notice that

Qu(0&,7) = NQ\(0E, 7) = (&, m),

(Gt = D0 = )70 = (QUE ) = QulEr),

a direct calculation shows thé.7) holds. From the Lax equatio{@.7) we have
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N N
FuF) = (TR0 TELIE) S (TP, 0F, 0o

=1\ dd; dp;  dpj dq;/  j4\ dq; dty,  p; dty

dF d d dv
=—£= = (detV,) = — (- 1trv2 :—t<V —/f>

d'T}\ d'T)\( © M) dT)\( 2 ' 'u) ' MdT)\

==trV, tfW\,u),V,]=0.

Substituting(4.6) into (4.8) and using the coefficients of and u, we then obtair(4.9).

We conclude the above results in the following theorem.

Theorem 4.1: The finite dimensional Hamiltonian system defined (@y4) is completely
integrable in Liouville sense in the symplectic sp&géN, dpdq).

Theorem 4.2:Let (p,q) be a solution of the Hamiltonian systei4). Then,u andv defined
by (4.3) satisfy the following stationary DLW equation

XN + ClxN—Z + o0+ CN—1XO =0 (410)

with suitably chosen constants, ... ,Cy-1.
Proof: Operating with(J"'K)*1 upon the expression ¢#.2), we get

N

G+ BiGyzt =+ + BiaGo+ BG1= 2 NV N, (4.11
=1

whereg,, ..., By are arbitrary constant§_,=(0,0)7, andJKG_,=G,,.
Consider the polynomial

N
pO) =TT =N) =N+ pANT+ - 4y,
=1

Applying the operatoﬂEEzle_k on (4.11), we obtain(4.10), wherec,, ...,cy depend omBy, ..., B¢
and\q,..., A\
Introduce the generating functidg,},

o0

g, =Go+ 2 G\, (4.12
k=0

which satisfies

(K-AJ)g, =0,

we have
V() —[U,V(g))]=U'((K-\J)g,) = 0.
This implies that
i(detV( )=0
Ix a\)=0.
Hence, we have

detV(g,) = - 3\2. (4.13

Define a new set of integraf$d,}, respectively, by

HO:%FO' H]_:_%Fl, HQ:_%Fz,
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m-3

Hpn=—3Fm+2> HHpj-3, m=3.
j=0

Equation(4.6) can then be transformed into the following equivalent form:

4
—)\—ZF)\:(l—4HA)2, (4.19

where

)

Hy= 2 Hpa N

m=1

The involutivity of {H,} is based on the equality
H,H\} = ——=—={F,,F,}=0.
{ yn )\} 16\/?&{ " )\}
By using (4.5 and(4.11), we have

% N

G\ =Go+ 2N KNV,
k=0 j=1

oo
=Go+ 2, C UG+ C1Gyp+ -+ +C1Go + GGy,
k=0

o0

=0, + 2 A Kl Gy,
k=0

where

©

CL= 1+ G\ 2 (4.15
k=0

Using (4.6) and (4.14) again, we have

Vy\ = V<C>\9>\ +2 )\_k_leG—l) =V(C\9\)-
k=0
Therefore, we have

F) = detV, = - 3c’g?. (4.16)
From (4.14 and(4.16), we obtain

C)\:l_4|_|)\.

Denote the variables dfl, flow andH, flow by t, andt,, respectively. Applying the Leibniz
rule of the Poisson bracket, we obtain

1
2_)\2{1% Fu =@ -4 {4 H, )

for any smooth functiony. Thus,
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d_ 1 d__1 d
dt}\ - 2)\2(1 - 4'“')\) dT)\ - 2)\2C)\ dT)\ '
For w=(u,v)"=h(p,q), we have

SR

o 1 w1
dt)\ - 2)\20)\ dT}\ - }\ZC)\

(4.17

1
—Joy

16, =3

=D IGA 3= 3G,
k=0 k=0

Finally, we state the above result in the following theorem.
Theorem 4.3: Let (p(x,t),q(x,t)) be a compatible solution of thie, and H, flow. Then,
w(x,tx)=h(p,q) solves thekth DLW equation

Wi = X(W).

V. ALGEBRO-GEOMETRIC SOLUTIONS

Based on results presented in Secs. Ill and IV, we give the construction of the algebro-
geometric solutions for the hierarclt.7) in the following lemmas and theorem.
Lemma 5.1The solutionau andv for the DLW hierarchy(2.7) can be expressed in the form

N

N
u=> (A=), dInov =2 (ue— ), (5.2
k=1

k=1

wherewy, v, are called the elliptic coordinates of the finite-dimensional Hamiltonian sy&tedn
Proof: We expresg-, in the form

Fp= - VA2 >\2 + E

kel N 7\k
where
(p;q pCI)
E = =~ Mbillc + PE+ (P.O)GE + E e
j=1,j#k )\ )\k
Let
Cb) R

g 4@y (5.2)
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A
Vi2=-<p,Q>+Qx(P,p)=-<p,Q>%,
Vi1=1—Qx(q,q)=%, (5.3)

where

N+2

N
an=ITv=-x), b)Y =TT A=A,
k=1 k=1

N N
mN) =T =), n)=ITA-w),
k=1 k=1

2N+2

R\ =aMbn) = [T (v =M.
k=1
Comparing the coefficients of¥™! in (5.2 and(5.3) gives

N
<q,Q>:_k§:‘1()\k‘Vk), (0.0 E(Mk_)\k)- (5.4

By using(4.2) and(5.4), we then obtain(5.1).
From the Lax equatiofd.7), we have

dV12
dt& — 2(Wllvl2 _ WlZvll) ,
N

dVZl
. 2(WAVH — WYY, (5.5
A

Taking A =, v in (5.2 and (5.3, we get
11 _ VR 1 _ R(w)
Moo 2a(m) M 2a(w)
Hence, we have

1 dw_ om0y
2VR(w) dn @)\ = wdm’ ()’

1 dy_ n(\)
2Ry dn. - al)(N=mn' (1)

By using the polynomials interpolation formula, we have

N " - N _: »
! dpy A il dne ) (5.6)
k=1 2\/R(Mk) dT)\ a()\) ’ k=1 ZV/R( Vk) dT)\ a()\)

Define the hyperelliptic curve by
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I:&-4R(\) =0, (5.7

with genusg=N and the usual holomorphic differentials by

po M 1,2,..,N (5.8
w; = , =1,2,...,N. .
I 2VR(V) :
DenoteP(w)=(\,£=2\R(\)) e I'. Let Py e I be fixed. Define the quasi-Abel-Jacobi coordinates
by
~ N Py ~ N ~P(y) .
qu:Ef ), ¢,»=EJ ®, j=1,2..,N. (5.9
k=1 P, k=1 P,

Then,(5.6) can be represented in the form
dgy AV dy M
dT)\ a()\) ' dT)\ a()\)
Let a;,by,...,ay,by be the canonical basis of cycles on fhend

C= (Ajk)KliN' Ajk = f Z)] .
a

Kk

Define the normalized holomorphic differential by

N
ws= >, Csjwj, o= (w1, ...,00)" = Co.
=1

Then, we have

J

where the matrixB=(Bg) is symmetric with positive-definite imaginary part. This is used to
define the Riemann theta function Bfas

s = g f ws = By,
b,

K k

0(0)= >, exp(wi(Bzz) +2mi({,2)), ¢ eCN.

ze7N
The Abel mapA(P) and the Abel-Jacobi coordinate are defined as
P

AP)=| o, A(E nkpk) =2 NAPY,

Po

N P

N
¢>:A<E P(w):z w=Cg,
k=1 k=1 Py

N N P(Vk) _
¢:A<k2 P(v@) => w=Ci.
=1

k=17 P,

Let SN+ + 2K o andNR()\‘l):szl\‘fz(lz)\j)\‘l). The coefficients in
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)

1

=2 AXK
VRO k21 k

are then given by
1 1
M=l M=3S Ag(se S sa)
2 2k i+j=ki,j=1

From (5.2), we obtain

VROV =xa(M)c,,

and the lemma is proved.
Lemma 5.21 et C, be thekth column vector of the matri. Under the Abel-Jacobi coordi-
nate system, we have straightened out the flows to

dp < d -
LSt Fe-Sao (5.10
A k=1 A k=1
dep dy
— =0 — == A
dtk k-1» dtk k-1» (5 1)

where

Qo= %AOCL O, = %(Alcl +AoCy),
0= %(AkCl"' o+ ACysr), ks=N-1,

Q= 5(ACr+ - + AjenarCy), k=N-1

Proof: Notice that

dp 1 dp_ 1 _d

dt)\ - 2)\2C)\d_7')\ B 2)\20}\ dT)\

)\N—l

- 2VR(\) (Gt GO

:;(Cl)\_l + oo e 'N)\_N)
22VR(\Y
1 o N o

=23 AN C\= > NS,
2120 =1 k=0

Similarly, we can obtain the second formula &£10 and compare the coefficients &f*! in
(5.10 to obtain(5.173).
From (5.11), we get

b=do+ 2 Uate, =~ 2 Dty
k=1 k=1

Hence, the evolution picture of the 1+1 flow is given as
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¢:¢0+Qox+ﬂlt, l,//:l/fo_Qox_Qlt. (512)

Since dedR=2N+2 onT’, there are two infinite points, and«, which are not branch points
of I. From Riemann theorem, there exists two constaviisM, e CN such that 0(A(P)— ¢
-M;), 6(A(P)-¢—M,) have exactlyn zeroes afuq, ..., uy and vy, ..., vy, respectively. That is,

N 2
2 1= 1(1) = X Res—, A In 6(A(P) = ¢ = My), (5.13
j=1 =1
N 2
2 5= 1) - 3 Res, Ad In 9(A(P) = ¢~ My), (5.14
j=1 =1
with the constant
N
D)= | \oj.

=1 aj

For the samea,, there are two points on the different sheets of the Riemann sufface

P.(\) =N VR(N)),  P.(N) =(\,—VR(N)).
Under the local coordinate=\"! at infinity, the hyperelliptic curvéd: £-4R(\)=0 in the neigh-
borhood of infinity is expressed ag-4R(z2)=0 with &=z2"*1¢ and (z,2(-1)R(2)| =0
=(0,2(-1)%1), s=1, 2. Thus, we have
AN"Tdn
2VR(\)
d\

= (Cl)\_l + o+ CN)\_N)f
202VR(AY

1 o
==(- 15> X dz
2 j=0

w=Cw= (Cl)\_l LR CN)\_N)

and

P Po P 1 o 1
A(P(Z_l)) = w=- f o+ f w=—Tms+ =(~ )5‘12 _kak+1_
Po “s *s 2 ko kK+1

Since the theta function is an even function, we have
1 0
OAPEZYH = =My =0(p+My+ 79 + 52(— 1)5‘107—)(0(¢+ Mi+ 79 +0o(z). (5.15
From (5.13 and(5.15, we obtain
N 1 J
=0 = (=D —0(p+ My +
2 =10 = 5 DT 0+ Myt )

=I(I) + laxlnw (5.16

2 6(p+My+ 7))

Simiarly, we have

Downloaded 31 Aug 2005 to 144.214.74.110. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



032701-20 Y. C. Hon and E. G. Fan J. Math. Phys. 46, 032701 (2005)

N
_ 1. 0@+ My+m)
j%Mj_|(r)+ 2‘9X'n9(¢/+ M, + )"

(5.17

Substituting(5.16) and(5.17) into (5.1), we then obtain the following algebro-geometric solution
for the DLW equation

N 1 H(Qox + Qlt + CY]_)

u=2, N~ I(I) = =dIn ,
k% 1) =54 O(Qox+ Ot + ay)

U2 - 0(90)( + Qlt + 0(2) G(Qox + Qlt + Bz)
0(Qox + Qlt + 0(1) G(Qox + Qlt + Bl)

v?%(0,1),
where

=gt Mi+m, B=—yp—My—m, 1=1,2.

VI. CONCLUSION

Spectral problem usually provides many important integrable properties related to nonlinear
equations such as Lax pairmatrix, Hamiltonian structure, Darboux transformation, and algebro-
geometric solution. In this paper we investigate a spectral problem associated with the DLW
equation and derive a hierarchy of nonlinear evolution equations related to the DLW equation by
using an iterated algebraic method. The Hamiltonian structures for the DLW hierarchy are estab-
lished by using trace identity. These two methods can be extended to other kinds of hierarchies. In
constructing the commutator representation, the parametefound to be easier to be computed
than the operatok. We thus provide a transformation to change the opetatr \ in order to
obtain the Lax representation for the DLW hierarchy. Through nonlinearization technique, a finite
dimensional Hamiltonian system is obtained in an explicit form. The Abel-Jacobi coordinates are
introduced from which the algebro-geometric solutions for the DLW equation can be derived by
resorting to the Riemann theta function. The results given in this paper can be applied to many
interesting problems such as higher order constrained flowr andtrix structure.
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