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By using an iterative algebraic method, we derive from a spectral problem a hier-
archy of nonlinear evolution equations associated with dispersive long wave equa-
tion. It is shown that the hierarchy is integrable in Liouville sense and possesses
bi-Hamiltonian structure. Two commutators, with zero curvature and Lax represen-
tations, for the hierarchy are constructed, respectively, by using two different sys-
tematic methods. Under a Bargmann constraint the spectral is nonlinearized to a
completely integrable finite dimensional Hamiltonian system. By introducing the
Abel–Jacobi coordinates, an algebro-geometric solution for the dispersive long
wave equation is derived by resorting to the Riemann theta function. ©2005
American Institute of Physics.fDOI: 10.1063/1.1857064g

I. INTRODUCTION

The development of a integrable system representing well-known physical phenomena has
shown to be meaningful and valuable. For instance, the illustration of the bi-Hamiltonian structure
of a system of partial differential equations is proven to be a direct and elegant method in
establishing the complete integrability of the system.1–5 If a set of partial differential equations can
be formulated as a Hamiltonian system in two distinct but compatible ways, Magri had proven in
Ref. 1 that this gives rise to an infinite sequence of conserved Hamiltonians which are in involu-
tion with respect to one of those two symplectic structures. Recently, two constructive approaches
that can handle both finite-dimensional and infinite-dimensional integrable Hamiltonian systems
were successfuly developed. The first approach is based on the trace identity,6,7 which is effective
in constructing the infinite-dimensional Liouville integrable Hamiltonian systems. Starting from a
properly defined isospectral problem, many integrable hierarchies and their Hamiltonian structures
se.g., AKNS, TC, TA, BPT, Yangd had been obtained by applying this method.6–10The second one
used nonlinearization technique,11,12which has also been proven to be powerful for obtaining new
finite-dimensional integrable Hamiltonian systems from various soliton hierarchies. Under the
Bargmann or Neumann constraints on the potentials and the eigenvalues, which play a central role
in the process of nonlinearization, the related eigenvalue problem can be nonlinearized as a
finite-dimensional completely integrable system. This covers the eigenvalue problems associated
with the well-known soliton hierarchies such as the KdV, AKNS, Jaulent–Miodek, Kaup–Newell,
etc.10–17An advantage of this method is that its solution to the soliton equation associated with an
eigenvalue problem can be reduced to solving a compatible system of nonlinear ordinary differ-
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ential equations.9–15 This approach has now been further developed to a general method for
handling higher order constraints associated with infinitely many hierarchies of finite-dimensional
integrable Hamiltonian systems.18–20

The algebro-geometric method is an analogue of inverse scattering transformation. It was first
developed by Dubrovin, Its, Matveev, and Belokoloset al.21–23and more recently by Gesztesy and
Holden.24 The method can derive an important class of exact solutions, which is called algebro-
geometric solution, to the soliton equation such as KdV equation, sine–Gordon equation, and
Schrödinger equation. In the degenerated case the method gives the soliton solution and elliptic
function solution. Recently, an alternate approach based on the nonlinearization technique of Lax
pairs or the restricted flow technique has been proposed.25–27 By this method or other
methods,28–33 algebro-geometric solutions fors1+1d- and s2+1d-dimensional soliton equations
can now be obtained.23–33

The dispersive long wavesDLWd equation

ut = 2uux + 2vx + uxx,

vt = 2suvdx − vxx s1.1d

was first derived by Whitham and Broer for simulating dispersive waves in shallow water.34,35 Its
symmetries, conservation laws, similarity reductions, painlevé property and soliton solutions had
been fully discussed.36–38In recent years, the following spectral problem associated with the DLW
equations1.1d,

cx = Uc = S− 1
2sl − ud − v

1 1
2sl − ud

Dc, s1.2d

has been proposed.13,39Under two different constraints between the potentials and eigenfunctions,
the nonlinearization of the spectral problem gives two kinds of finite-dimensional completely
integrable systems.13 By using gauge transformation

f̃x = S1 0

0 − 1
Dc, l = 2ih, u = 2ar, v = q + brx,

the spectral problems1.1d can be shown to be in close analogy to the classical Boussinesq spectral
problem,

c̃x = S− ih − ar q + brx

− 1 ih + ar
Dc̃.

Therefore, the DLW hierarchy is intimately related to the Boussinesq hierarchy, whose algebro-
geometric solutions can be found from the work of Gesztesy and Holden.24

In this paper, we would investigate some aspects related to the DLW equations1.1d and its
spectral problems1.2d. In Sec. II starting from a spectral problem, we first derive a hierarchy
associated with the DLW equation by using an iterative algebraic method. It will be shown that the
hierarchy is integrable in the Liouville sense and its bi-Hamiltonian structure can be established
from trace identity. In Sec. III we present a systematic method to construct a zero curvature
representation for the hierarchy. In Sec. IV, from the nonlinearization of the spectral problems1.2d,
we devise a finite dimensional completely integrable Hamiltonian system under a Bargmann
constraint. The Abel–Jacobi coordinates are introduced in Sec. V from which the algebro-
geometric solutions for the DLW equations will be derived by resorting to the Riemann theta
functions.
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II. DLW HIERARCHY AND ITS BI-HAMILTONIAN STRUCTURE

We first recall briefly some notations from the theory of generalized Hamiltonian equations:6

Let G be a finite-dimensional Lie algebra overC andG̃ be the corresponding iterated algebra,

G̃ = G ^ Cfl,l−1g,

whereCfl ,l−1g is the set of Laurent polynomials inl. Suppose thathe1,… ,epj is a basis ofG.

The set he1snd ,… ,epsndj is then a basis ofG̃, where eisnd=eis0dln=eil
n. For esndPG̃, i

=1,… ,p, its gradation is defined by

degseisndd = degseil
nd = n.

Consider in the following a general spectral problem:

cx = Usu,ldc, s2.1d

where u=su1,… ,updTPS, S is a Schwarz space, andl is a spectral parameter. The function
Usu,ld can be unified to the following representation:

U = R+ u1e1 + ¯ + upep,

whereR,e1,… ,epPG̃. We define the ranks for] ,u,l, andxPG̃ in such a way that ifab is well
defined for any two entitiesa andb, then

ranksabd = ranksad + ranksbd.

We also define the rank ofR in such a way that above elementU has homogeneous rank, i.e.,

ranksRd = ranksu1e1d = ¯ = ranksupepd.

Finally, we define

ranksxd = degsxd, x P G̃, ranksld = degsxld − degsxd,

ranksuid = a − ei, ranks]d = a,

ranksbd = 0 sb = constantd,

where degsRd=a and degseid=ei.
Denote

g+ = o
nùp

gn, g− = o
n,p

gn,

and callg+ the positive part ofg, wherepPZ is a properly chosen integer.
The DLW hierarchy corresponding to equations1.1d derived from the spectral problems1.2d is

now given to be a basis of iterated algebra overC as follows:

hsnd = S 1
2ln 0

0 − 1
2lnD, esnd = S0 ln

0 0
D, fsnd = S 0 0

ln 0
D , s2.2d

such that the following equalities,

fhsmd,esndg = esm+ nd, ffsmd,hsndg = fsm+ nd,
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fesmd, fsndg = 2hsm+ nd,

hold. The gradation for the basis is defined by

deghsnd = degesnd = degfsnd = n.

From Eqs.s2.2d, theU in s1.2d can be expressed as

U = − hs1d + fs0d + uhs0d − ves0d,

and we have

deghs1d = 1, deges0d = degfs0d = 0,

ranksld = ranks]d = ranksud = ranksvd = 1.

The adjoint equation

Vx = fU,Vg = UV − VU

with

V = ahs0d + bes0d − cfs0d

can be solved and we obtain

ax = 2vc − 2b, bx = − bl + ub+ va,

cx = cl + uc+ a. s2.3d

Substituting the Laurent expansiona=oaml−m, b=obml−m, c=ocml−m into s2.3d, we obtain the
following recursive formulas:

amx= 2vcm − 2bm,

bmx= − bm+1 + ubm + vam,

cmx= cm+1 + ucm + am. s2.4d

Taking a0=0, c0=a, b0=av, we further derive froms2.4d that

S 1
2am+1

cm+1
D = LS 1

2am

cm
D ,

whereL is the matrix operator defined by

L = S− ] + ]−1u] ]−1v ] + v

2 ] + u
D .

Set

slnVd+ = o
m=0

n

famhsn − md + bmesn − md − cmfsn − mdg.

Then,Vx=fU ,Vg implies that
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− slnVd+x + fU,slnVd+g = − slnVd−x + fU,slnVd−g. s2.5d

Notice that all the terms on the left-hand side ofs2.5d have degreesù0, whereas all the terms on
the right-hand side ofs2.5d have degreesø0. Therefore, we have

− slnVd+x + fU,slnVd+g P Chs0d + Ces0d + Cfs0d. s2.6d

In other words, we only need to calculate those terms that containhs0d ,es0d , fs0d. Direct calcu-
lation shows that

− slnVd+x + fU,slnVd+g = bn+1es0d + cn+1fs0d.

To cancel the termcn+1fs0d, we introduceDn=cn+1hs0d. It is then easy to prove that, forVsnd

=slnVd++Dn, we have

− sVsndd+x + fU,sVsndd+g = − cn+1xhs0d − 1
2an+1xes0d.

Then zero curvature equationUt−sVsndd+x+fU ,sVsndd+g gives the following DLW hierarchy:

ut = cn+1x, vt = 1
2an+1x, n = 1,2,… . s2.7d

We note here that the first two representative systems in the hierarchys2.7d are

ut = aux, vt = avx,

ut = asuxx + 2vx + 2uuxd, vt = as− vxx + 2uxv + 2uvxd.

The second system is exactly the DLW equations1.1d in the case whena=1.
The following theorem serves to develop the Hamiltonian structure of the hierarchys2.7d.
Theorem 2.1:The hierarchys2.7d possesses the bi-Hamiltonian structure

wt = J
dHn

dw
= K

dHn−1

dw
, s2.8d

where the vector functionw, the Hamiltonian operatorsJ,K and the Hamiltonian function are
given by

w = Su

v
D, K = JL = S 2] ]2 + ]u

− ]2 + u] v ] + ]v
D ,

J = S0 ]

] 0
D, Hn = 1

2an+2, n = 0,1,… . s2.9d

Proof: We introduce

Gn+1 = S 1
2an+1

cn+1
D , s2.10d

then hierarchys2.7d can then be rewritten in the form of

wt = JGn+1 = KGn = JLn+1G0 = JsJ−1Kdn+1G0, n = 1,2,… , s2.11d

whereG0=s0,1dT.
We take the Killing–Cartan formkA,Bl to be trsABd. From direct calculation we then obtain
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KV,
]U

]l
L = −

1

2
a, KV,

]U

]u
L =

1

2
a, KV,

]U

]v
L = c.

By using the result of trace identity,6 we have

d

dw
S−

1

2
aD = l−g ]

]l
FlgS1

2
a,cDTG .

Substituting

a = o
n=0

`

anl−n, c = o
n=0

`

cnl−n

into the above equation yields

d

dw
S−

1

2
an+1D = sg − ndGn, s2.12d

which holds for alln=0,1,2,… . The conditionn=0 in s2.12d givesg=1. Therefore, we obtain

Gn+1 =
dHn

dw
, s2.13d

whereHn is given bys2.9d.
Combinings2.11d with s2.13d we then obtain the desired Hamiltonian formulations2.8d for the

DLW hierarchys2.7d.
It is crucial to prove the existence of infinite involutive conserved densities. The inner product

between two functionsf andg is defined by

sf,gd =E fg dx,

and the Poisson bracket is defined by

hf,gj = S df

dw
,J

df

dw
D .

Finally, the integrability of the hierarchys2.7d or s2.8d is given in the following Theorem 2.2.
Theorem 2.2: The Hamiltonian functionshHnjn=0

` defined bys2.9d constitute common con-
served densities for the whole hierarchys2.8d. It other words, it is an integrable Hamiltonian
system in Liouville sense.

Proof: It is easy to see thatJL=L*J. We then have

hHn,Hmj = SdHn

dw
,J

dHm

dw
D = sLn+1G0,JLm+1G0d = sLn+1G0,L

*JLmG0d = sLn+2G0,JLmG0d

= hHn+1,Hm−1j.

Repeating the above argument gives

hHn,Hmj = hHm,Hnj = hHm+n,H0j. s2.14d

On the other hand, we have

hHm,Hnj = sLm+1G0,JLn+1G0d = sJ*Lm+1G0,L
n+1G0d = − hHn,Hmj. s2.15d

Combinings2.14d with s2.15d gives
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hHm,Hnj = 0,

which implies thathHnj are in involution. Furthermore, we have

SE Hn dxD
t

= SdHn

du
,utD = SdHn

du
,J

dHm

du
D = hHn,Hmj = 0.

This implies thathHnj are also conserved densities.

III. ZERO CURVATURE AND LAX REPRESENTATIONS

The zero curvature and Lax representations are two different commutator representations of
nonlinear evolution equations. They play an important role in the investigation of integrable
systems. To obtain the two commutator representations for the DLW hierarchys2.7d, based on the
general spectral problems2.1d we first propose an approach to derive a hierarchy of nonlinear
evolution equations from which their zero representation can be obtained. Recall that the Gateaux
derivative of a spectral operatorUsu,ld in directionj=sj1,j2,… ,jpdT at pointu is defined by

U8sjd =
d

d«
Usu + «jdu«=0.

Denote

¹l = S dl

du1
, ¯ ,

dl

dup
DT

to be the functional ofl. If there exist twop3p matrix integro-differential operatorsK and J
depending onu such that

K ¹ l = lkJ ¹ l,

wherek being a constant, thenK andJ are called a pair of Lenard’s operators.
By using the pair of Lenard’s operatorsK and J, we can define the Lenard’s recursion

sequence by

G0 P Ker J = hGuJGj, KGj−1 = JGj, j = 1,2,… .

The corresponding fieldXj =JGj produces a hierarchy of nonlinear evolution equations connected
with the spectral problems2.1d as follows:

ut = Xnsud = JsJ−1KdnG0, n = 1,2,… . s3.1d

The zero curvature representation of the hierarchys3.1d can now be constructed using the follow-
ing theorem.

Theorem 3.1:Suppose that

sad G0PKer J=GuJG.
sbd For arbitrary given vector functionG=sGs1d , ¯ ,GspddT, the following operator equation

Vx − fU,Vg = U8sKGd − lbU8sJGd s3.2d

has a solutionV=VsGd.

Let

An = o
j=1

n

Vjl
bsn−jd = o

j=0

n

VsGjdlbsn−jd,

whereVj =VsGjd. The hierarchys3.1d then possesses the following zero curvature representation:
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Ut − Anx + fU,Ang = 0 s3.3d

and also the following Lax pair:

cx = Uc, ct = Anc.

Proof: SinceG0PKer J=hGuJG=0j, we have

Anx − fU,Ang = o
j=1

n

sVjx − fU,Vjgdlbsn−jd = o
j=1

n

fU8sKGj−1d − lbU8sJGj−1dglbsn−jd

= o
j=1

n

U8sJGjdlbsn−jd − o
j=0

n−1

U8sJGjdlbsn−j+1d = U8sJGnd − U8sJG0dlbsn+1d = U8sXnd,

where the vector fieldXn=JGn=KGn−1.
SinceUt=U8sutd, it follows that

Ut − Anx + fU,Ang = U8sutd − U8sXnd = U8sut − Xnd = 0.

The construction of the zero representation for the hierarchys2.7d is given in the following
theorem. We first need the following lemmas.

Lemma 3.1:Let l be an eigenvalue of equations1.2d. The functional gradient¹l of l is then
given by

¹l = SE c1c2D−1

sc1c2,− c2
2dT,

whereK andJ are the pair of Lenard’s operators

K ¹ l = lJ ¹ l, s3.4d

and hGjj is the Lenard’s sequence

KGj−1 = JGj, j = 1,2,… , s3.5d

whereK andJ are defined bys2.9d and s2.10d.
Proof: The result can be directly computed froms1.2d.
Lemma 3.2:The differential map ofUsu,ld in s1.2d is given by

U8sjd = S 1
2j1 − j2

0 − 1
2j1

D, j = sj1,j2dT,

so thatU8sjd is an injective homomorphism.
Lemma 3.3:If b=1 in s3.2d, then for arbitrary given vector functionG=sGs1d ,Gs2ddT, the

following operator equation

Vx − fU,Vg = U8sKGd − lU8sJGd s3.6d

has a solution

V = VsGd = S− 1
2lGs2d + 1

2sGx
s2d + uGs2dd Gx

s1d − vGs2d

Gs2d 1
2lGs2d − 1

2sGx
s2d + uGs2dd

D . s3.7d

Proof: By representing the commutatorfU ,Vg asU=U0+U1l andV=V0+V1l such that

U0 = S 1
2u − v

1 − 1
2u
D, U1 = S 1

2 0

0 − 1
2

D ,
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V0 = SA B

C − A
D, V1 = SD 0

0 − D
D ,

whereA,B,C,D are four undetermined functions, we have

fU,Vg = fU0,V0g + sU0,V1g + fU1,V0gdl + fU1,V1gl2 = fU0,V0g + sU0,V1g + fU1,V0gdl

= S− vC − B 2vA + uB

2A − uC B+ vC
D + S 0 2vD − B

2D + C 0
Dl, s3.8d

and

KG = S 2Gx
s1d + Gxx

s2d + uGx
s2d + uxG

s2d

− Gxx
s1d + uGx

s1d + 2vGx
s2d + vxG

s2d D, JG= SGx
s2d

Gx
s1d D . s3.9d

Substitutings3.8d ands3.9d into s3.6d and comparing the corresponding elements in both sides of
the matrices, we can determine the values ofA,B,C, andD from which the solutionV as given in
s3.7d can be obtained.

Finally, from Theorem 3.1 we have the following.
Theorem 3.2:Let

An = o
j=1

n

Vjl
n−j = o

j=0

n

VsGjdln−j ,

whereVj =VsGjd is given bys3.7d. The DLW hierarchys2.7d possesses the following zero curva-
ture representation:

Ut − Anx + fU,Ang = 0, s3.10d

and the Lax pair

cx = Uc, ct = Anc.

Similarly we can obtain the Lax representation of the hierarchys2.7d through the following
lemmas and theorem.

Lemma 3.4:The spectral problems1.2d is equivalent to

Lc = S− 2 ] + u − 2v

− 2 2] + u
Dc = lc, s3.11d

where the differential map ofL=Lsu,v ,ld is

L8sjd = Sj1 − 2j2

0 j1
D ,

andL8sjd is an injective homomorphism.
Proof: Direct calculation froms1.2d.
Lemma 3.5:For arbitrary given vector functionG=sGs1d ,Gs2ddT, the following operator equa-

tion

fV,Lg = L8sKGd − L8sJGdL s3.12d

has a solution

V = VsGd = S 1
2sGx

s2d + uGs2dd Gx
s1d − vGs2d

Gs2d − 1
2sGx

s2d + uGs2dd
D + S− 1

2Gs2d 0

0 − 1
2Gs2d DL. s3.13d

Proof: Representing the commutatorfV,Lg of L=L0+L1]x andV=V0+V1]x such that
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L0 = S u − 2v

− 2 u
D, U1 = S− 2 0

0 2
D ,

V0 = SA B

C D
D, U1 = SE 0

0 F
D ,

whereA,B,C,D are four undetermined functions, we have

fV,Lg = fV0,L0g + fV0,L1]xg + fV1]x,L0gd + fV1]x,L1]xg

= fV0,L0g + V1L0x − L1V0x + sfV0,L1g + fV1,L0g + V1L1x − L1V1xd]x

= S− 2B + 2vC + uxE + 2Ax − 2vsA − Dd − 2vxE + 2Bx

2sA − Dd − 2Cx 2B − 2vC + uxF − 2Dx
D

+ S 2Ex − 2vsE − Fd + 4B

2sE − Fd − 4C − 2Fx
D]x. s3.14d

We also have

L8fKGg − L8sJGdL = S2Gx
s2d 4Gx

s1d

0 − 2Gx
s2d D]x

+ S2Gx
s1d + Gxx

s2d + uxG
s2d − 4Gx

s1d 2Gxx
s1d − 2vGx

s2d − 2vxG
s2d

2Gx
s2d 2Gx

s1d + Gxx
s2d + uxG

s2d D .

s3.15d

Substitutings3.14d ands3.15d into s3.12d and comparing the corresponding elements on both sides
of the matrices, we then obtain

A = − D = 1
2Gx

s2d, B = Gx
s1d, C = 0, E = F = Gs2d.

Since]x=L1
−1sL−L0d, we have

V = VsGd = S 1
2Gx

s2d Gx
s1d

0 − 1
2Gx

s2d D + Ss2d 0

0 Gs2d D]x

= S 1
2sGx

s2d + uGs2ddGx
s1d − vGs2d

Gs2d − 1
2sGx

s2d + uGs2dd
D + S− 1

2Gs2d 0

0 1
2Gs2d DL.

Theorem 3.3:Let

Bn = o
j=1

n

VjL
n−j = o

j=0

n

VsGjdLn−j , s3.16d

whereVj =VsGjd, Gj =sGj
s1d ,Gj

s2ddT, and the matrix functionV satisfiess3.13d. The DLW hierarchy
s2.7d possesses the following Lax representation:

Lt = fBn,Lg, s3.17d

and the Lax pair

Lc = lc, ct = Bnc.

Proof: From s3.12d and s3.16d, we have
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fBn,Lg = o
j=1

n

fVj,LgdLn−j = o
j=1

n

fL8sKGj−1d − L8sJGj−1dLgLn−j

= o
j=1

n

L8sJGjdLn−j − o
j=0

n−1

L8sJGjdLn−j = L8sJGnd − L8sJG0d = L8sXnd.

SinceLt=L8sutd, it follows that

Lt − fBm,Lg = L8sutd − L8sXmd = L8sut − Xmd = 0.

The proof is completed.

IV. A FINITE DIMENSIONAL HAMILTONIAN SYSTEM

To construct the algebro-geometric solution of DLW hierarchy, in this section we investigate
the finite dimensional Hamiltonian systems associated with the spectral problems1.2d through a
nonlinearization approach.12,13Let l j, j =1,… ,N beN different eigenvalues of equations1.2d, and
spj ,qjd be the associated eigenfunctions, i.e., we consider the followingN eigenvalues:

Spj

qj
D

x
= S− 1

2sl j − ud − v

1 1
2sl j − ud

DSpj

qj
D . s4.1d

Denotep=sp1,p2,… ,pNdT, q=sq1,q2,… ,qNdT, and ∧=diagsl1,l2,… ,lNd. From the Barg-
mann constraint

G1 = Sv

u
D = o

j=1

N

¹ l j = S kp,ql
− kq,ql

D , s4.2d

we then obtain

w = Su

v
D = S− kq,ql

kp,ql
D ; hsp,qd. s4.3d

From the constraints4.3d, the equations4.1d can further be nonlinearized into the following
finite-dimensional Hamiltonian system:

px = −
1

2
∧ p −

1

2
kq,qlp − kp,qlq = −

]H

]q
,

qx = p +
1

2
∧ q +

1

2
kq,qlq =

]H

]p
, s4.4d

whose Hamiltonian functionH is given by

H = 1
2kp,pl + 1

2k∧p,ql + 1
2kq,qlkp,ql.

In the following, we proceed to show that the Hamilton systems4.4d is completely integrable
in the Liouville sense. The Poisson bracket of two functions in symplectic spacesR2N,dp∧dqd is
defined as

sF,Gd = o
j=1

N S ]F

]qj

]G

]pj
−

]F

]pj

]G

]qj
D =K ]F

]q
,
]G

]p
L −K ]F

]p
,
]G

]q
L ,

which is skew-symmetric, bilinear, and satisfies the Jacobi identity. In particular,F and G are
called involution if sF ,Gd=0.
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Consider a bilinear functionQlsp,qd=kslI − ∧ d−1p,ql such that

Gl = G0 + o
j=1

N
¹l j

l − l j
= S Qlsp,qd

1 − Qlsq,qd
D . s4.5d

From s3.4d and s4.5d, we have

Vl = VsGld = S− 1
2l − Qlsp,qd − kp,ql + Qlsp,pd

1 − Qlsq,qd 1
2l + Qlsp,qd

D .

Let Fl=detVl. Then, we have

Fl = − 1
4l2 − Qls∧p,qd + Qlsp,pd + kp,plQlsq,qd + UQlsp,pd Qlsp,qd

Qlsp,qd Qlsq,q,d
U

= −
1

4
l2 + o

m=0

`

Fml−m−1, s4.6d

where

F0 = 2H,

Fm = − k∧m+1p,pl + kp,qlk∧mq,qd + o
m=0

m−1 Uk∧ jp,pl k∧m−1−jp,ql
k∧ jp,ql k∧m−1−jq,ql

U .

By considering thatFl is a Hamiltonian in the symplectic spacesR2N,dp∧dqd, the canonical
equations of theFl-flow can be computed as

d

dtl
Spk

qk
D = I ¹ Fl = S− ]Fl/]qk

]Fl/]pk
D = Wsl,lkdSpk

qk
D ,

where

Wsl,lkd =
2

l − lk
Vl + s1 − Qlsp,qddS1 0

0 − 1
D .

Lemma 4.1:The Lax matrixVm satisfies the Lax equations4.7d alone thetl-flow:

dVm

dtl

= fWsl,md,Vmg s4.7d

and

sFm,Fld = 0, ∀ l,m P C, s4.8d

sFj,Fkd = 0, ∀ j ,k = 0,1,… . s4.9d

Proof: Notice that

Qls∧j,hd = lQls∧j,hd − kj,hl,

ksmI − ∧ d−1slI − ∧ d−1j,hl =
1

m − l
sQlsj,hd − Qmsj,hdd,

a direct calculation shows thats4.7d holds. From the Lax equations4.7d we have
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sFm,Fld = o
j=1

N S ]Fm

]qj

]Fl

]pj
−

]Fm

]pj

]Fl

]qj
D = o

j=1

N S ]Fm

]qj

dqj

dtl

+
]Fm

]pj

dpj

dtl
D

=
dFm

dtl

=
d

dtl

sdetVmd =
d

dtl

s− 1
2trVm

2d = − trSVm

dVm

dtl
D

=− tr Vm trfWsl,md,Vmg = 0.

Substitutings4.6d into s4.8d and using the coefficients ofl andm, we then obtains4.9d.
We conclude the above results in the following theorem.
Theorem 4.1: The finite dimensional Hamiltonian system defined bys4.4d is completely

integrable in Liouville sense in the symplectic spacesR2N,dp∧dqd.
Theorem 4.2:Let sp,qd be a solution of the Hamiltonian systems4.4d. Then,u andv defined

by s4.3d satisfy the following stationary DLW equation

XN + c1XN−2 + ¯ + cN−1X0 = 0 s4.10d

with suitably chosen constantsc1,… ,cN−1.
Proof: Operating withsJ−1Kdk−1 upon the expression ofs4.2d, we get

Gk + b1Gk−2 + ¯ + bk−1G0 + bkG−1 = o
j=1

N

l j
k ¹ l j , s4.11d

whereb1,… ,bk are arbitrary constants,G−1=s0,0dT, andJ−1KG−1=G0.
Consider the polynomial

psld = p
j=1

N

sl − l jd = lN + p1lN−1 + ¯ + pN.

Applying the operatorJok=1
N pN−k on s4.11d, we obtains4.10d, wherec1,… ,cN depend onb1,… ,bk

andl1,… ,lN.
Introduce the generating functionhgkj,

gl = G0 + o
k=0

`

Gkl
−k, s4.12d

which satisfies

sK − lJdgl = 0,

we have

Vxsgld − fU,Vsgldg = U8ssK − lJdgld = 0.

This implies that

]

]x
sdetVsgldd = 0.

Hence, we have

detVsgld = − 1
4l2. s4.13d

Define a new set of integralshHkj, respectively, by

H0 = 1
2F0, H1 = − 1

2F1, H2 = − 1
2F2,
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Hm = − 1
2Fm + 2o

j=0

m−3

HjHm−j−3, mù 3.

Equations4.6d can then be transformed into the following equivalent form:

−
4

l2Fl = s1 − 4Hld2, s4.14d

where

Hl = o
m=1

`

Hm−1l
−m−1.

The involutivity of hHkj is based on the equality

hHm,Hlj =
1

16ÎFlFm

hFm,Flj = 0.

By using s4.5d and s4.11d, we have

Gl = G0 + o
k=0

`

l−k−1o
j=1

N

l j
k ¹ l j ,

=G0 + o
k=0

`

c−k−1sGk + c1Gk−2 + ¯ + ck−1G0 + ckG−1,

=clgl + o
k=0

`

l−k−1ckG−1,

where

cl = 1 +o
k=0

`

ck+2l
−k−2. s4.15d

Using s4.6d and s4.14d again, we have

Vl = VSclgl + o
k=0

`

l−k−1ckG−1D = Vsclgld.

Therefore, we have

Fl = detVl = − 1
4cl

2gl
2. s4.16d

From s4.14d and s4.16d, we obtain

cl = 1 − 4Hl.

Denote the variables ofHl flow andHk flow by tl and tk, respectively. Applying the Leibniz
rule of the Poisson bracket, we obtain

1

2l2hc,Flj = s1 − 4Hldhc,Hlj,

for any smooth functionc. Thus,
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d

dtl

=
1

2l2s1 − 4Hld
d

dtl

=
1

2l2cl

d

dtl

. s4.17d

For w=su,vdT=hsp,qd, we have

dw

dtl

=1 − 2Kq,
dq

dtl
L

Kp,
dq

dtl
L +K dp

dtl

,qL2 = 2JGl,

dw

dtl

=
1

2l2cl

dw

dtl

=
1

l2cl

JGl =
1

l2Jgl

=o
k=0

`

JGKl−k−3 = o
k=0

`

JGKl−k−3.

Finally, we state the above result in the following theorem.
Theorem 4.3: Let spsx,tkd ,qsx,tkdd be a compatible solution of theh0 and Hk flow. Then,

wsx,tKd=hsp,qd solves thekth DLW equation

wt = Xkswd.

V. ALGEBRO-GEOMETRIC SOLUTIONS

Based on results presented in Secs. III and IV, we give the construction of the algebro-
geometric solutions for the hierarchys2.7d in the following lemmas and theorem.

Lemma 5.1:The solutionsu andv for the DLW hierarchys2.7d can be expressed in the form

u = o
k=1

N

slk − nkd, ]x ln v = o
k=1

N

smk − nkd, s5.1d

wheremk,nk are called the elliptic coordinates of the finite-dimensional Hamiltonian systems4.3d.
Proof: We expressFl in the form

Fl = − Vl
112

− Vl
12Vl

21 = −
1

4
l2 + o

k=1

N
Ek

l − lk
,

where

Ek = − lkpkqk + pk
2 + kp,qlqk

2 + o
j=1,jÞk

N
spjqk − pkqjd2

l j − lk
.

Let

Fl = −
bsld
4asld

= −
Rsld

4a2sld
, s5.2d
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Vl
12 = − kp,ql + Qlsp,pd = − kp,ql

msld
asld

,

Vl
21 = 1 −Qlsq,qd =

nsld
asld

, s5.3d

where

asld = p
k=1

N

sl − lkd, bsld = p
k=1

N+2

sl − lN+kd,

msld = p
k=1

N

sl − mkd, nsld = p
k=1

N

sl − nkd,

Rsld = asldbsld = p
k=1

2N+2

sl − lkd.

Comparing the coefficients oflN−1 in s5.2d and s5.3d gives

kq,ql = − o
k=1

N

slk − nkd,
kp,pl
kp,ql

= o
k=1

N

smk − lkd. s5.4d

By using s4.2d and s5.4d, we then obtains5.1d.
From the Lax equations4.7d, we have

dVm
12

dtl

= 2sW11V12 − W12V11d,

dVm
21

dtl

= 2sW21V11 − W11V21d. s5.5d

Taking l=mk,nk in s5.2d and s5.3d, we get

Vmk

11 =
ÎRsmkd
2asmkd

, Vmk

11 =
ÎRsnkd
2asnkd

.

Hence, we have

1

2ÎRsmkd
dmk

dtl

=
msld

asldsl − mkdm8smkd
,

1

2ÎRsnkd
dnk

dtl

= −
nsld

asldsl − nkdn8snkd
.

By using the polynomials interpolation formula, we have

o
k=1

N
mk

N−j

2ÎRsmkd
dmk

dtl

=
lN−j

asld
, o

k=1

N
mk

N−j

2ÎRsnkd
dnk

dtl

= −
lN−j

asld
. s5.6d

Define the hyperelliptic curve by
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G:j2 − 4Rsld = 0, s5.7d

with genusg=N and the usual holomorphic differentials by

ṽ j =
lN−j dl

2ÎRsld
, j = 1,2,…,N. s5.8d

DenotePsmkd=sl ,j=2ÎRslddPG. Let P0PG be fixed. Define the quasi-Abel–Jacobi coordinates
by

f̃ j = o
k=1

N E
P0

Psmkd

ṽ j, c̃ j = o
k=1

N E
P0

Psnkd

ṽ j, j = 1,2,…,N. s5.9d

Then,s5.6d can be represented in the form

df̃ j

dtl

=
lN−j

asld
,

dc̃ j

dtl

= −
lN−j

asld
.

Let a1,b1,… ,aN,bN be the canonical basis of cycles on theG and

C = sAjkdN3N
−1 , Ajk =E

ak

ṽ j .

Define the normalized holomorphic differential by

vs = o
j=1

N

Csjṽ j, v = sv1,…,vNdT = Cṽ.

Then, we have

E
ak

vs = dsk, E
bk

vs = Bsk,

where the matrixB=sBskd is symmetric with positive-definite imaginary part. This is used to
define the Riemann theta function ofG as

uszd = o
zPZN

expspikBz,zl + 2pikz,zld, z P CN.

The Abel mapAsPd and the Abel–Jacobi coordinate are defined as

AsPd =E
P0

P

v, Aso nkPkd = o nkAsPkd,

f = ASo
k=1

N

PsmkdD = o
k=1

N E
P0

Psmkd

v = Cf̃,

c = ASo
k=1

N

PsnkdD = o
k=1

N E
P0

Psnkd

v = Cc̃.

Let Sk=l1
k+¯ +l2N+2

k , andR̃sl−1d=p j=1
2N+2s1=l jl

−1d. The coefficients in
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1

ÎR̃sl−1d
= o

k=1

`

Lkl
−k

are then given by

L0 = 1, L1 =
1

2
S1, Lk =

1

2kSSk + o
i+j=k,i,jù1

SiL jD .

From s5.2d, we obtain

ÎRsld = lasldcl,

and the lemma is proved.
Lemma 5.2:Let Ck be thekth column vector of the matrixC. Under the Abel–Jacobi coordi-

nate system, we have straightened out the flows to

df

dtl

= o
k=1

`

Vk−1l
−k−1,

dc

dtl

= − o
k=1

`

Vk−1l
−k−1, s5.10d

df

dtk
= Vk−1,

dc

dtk
= − Vk−1, s5.11d

where

V0 = 1
2L0C1, V1 = 1

2sL1C1 + L0C2d,

Vk = 1
2sLkC1 + ¯ + L0Ck+1d, k ø N − 1,

Vk = 1
2sLkC1 + ¯ + Lk−N+1CNd, k ù N − 1.

Proof: Notice that

df

dtl

=
1

2l2cl

df

dtl

=
1

2l2cl

C
df̃

dtl

=
lN−1

2ÎRsld
sC1l−1 + ¯ + ¯ CNl−Nd

=
1

2l2ÎR̃sl−1d
sC1l−1 + ¯ + ¯Nl−Nd

=
1

2o
k=0

`

Lkl
−k−2o

j=1

N

Cjl
−j = o

k=0

`

Vkl
−k−3.

Similarly, we can obtain the second formula ofs5.10d and compare the coefficients ofl−k−1 in
s5.10d to obtains5.11d.

From s5.11d, we get

f = f0 + o
k=1

`

Vk−1tk, c = c0 − o
k=1

`

Vk−1tk.

Hence, the evolution picture of the 1+1 flow is given as
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f = f0 + V0x + V1t, c = c0 − V0x − V1t. s5.12d

Since degR=2N+2 onG, there are two infinite points̀1 and`2 which are not branch points
of G. From Riemann theorem, there exists two constantsM1,M2PCN such thatusAsPd−f
−M1d, usAsPd−c−M2d have exactlyn zeroes atm1,… ,mN andn1,… ,nN, respectively. That is,

o
j=1

N

m j = IsGd − o
j=1

2

Resl=` j
ld ln usAsPd − f − M1d, s5.13d

o
j=1

N

n j = IsGd − o
j=1

2

Resl=` j
ld ln usAsPd − f − M1d, s5.14d

with the constant

IsGd = o
j=1

N E
aj

lv j .

For the samel, there are two points on the different sheets of the Riemann surfaceG,

P+sld = sl,ÎRsldd, P+sld = sl,− ÎRsldd.

Under the local coordinatez=l−1 at infinity, the hyperelliptic curveG :j2−4Rsld=0 in the neigh-

borhood of infinity is expressed asj̃2−4R̃szd=0 with j̃=zN+1j and sz,2s−1ds−1ÎRszdduz=0

=s0,2s−1ds−1d, s=1, 2. Thus, we have

v = Cṽ = sC1l−1 + ¯ + CNl−Nd
lN−1dl

2ÎRsld

= sC1l−1 + ¯ + CNl−Nd
dl

2l2ÎR̃sl−1d

=
1

2
s− 1ds−1o

j=0

`

Vkz
k dz

and

AsPsz−1dd =E
P0

P

v = − È
s

P0

v + È
s

P

v = − ps +
1

2
s− ds−1o

k=0

`
1

k + 1
Vkz

k+1.

Since the theta function is an even function, we have

usAsPsz−1d − f − M1d = usf + M1 + hsd +
1

2
zs− 1ds−1 ]

]x
usf + M1 + hsd + osz2d. s5.15d

From s5.13d and s5.15d, we obtain

o
j=1

N

m j = IsGd −
1

2
s− 1ds−1 ]

]x
usf + M1 + hsd

=IsGd +
1

2
]x ln

usf + M1 + h2d
usf + M1 + h1d

. s5.16d

Simiarly, we have
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o
j=1

N

m j = IsGd +
1

2
]x ln

usc + M2 + p1d
usc + M2 + p2d

. s5.17d

Substitutings5.16d ands5.17d into s5.1d, we then obtain the following algebro-geometric solution
for the DLW equation

u = o
k=1

N

lk − IsGd −
1

2
]x ln

usV0x + V1t + a1d
usV0x + V1t + a2d

,

v2 =
usV0x + V1t + a2dusV0x + V1t + b2d
usV0x + V1t + a1dusV0x + V1t + b1d

v2s0,td,

where

al = f0 + M1 + pl, bl = − c0 − M2 − pl, l = 1,2.

VI. CONCLUSION

Spectral problem usually provides many important integrable properties related to nonlinear
equations such as Lax pair,r-matrix, Hamiltonian structure, Darboux transformation, and algebro-
geometric solution. In this paper we investigate a spectral problem associated with the DLW
equation and derive a hierarchy of nonlinear evolution equations related to the DLW equation by
using an iterated algebraic method. The Hamiltonian structures for the DLW hierarchy are estab-
lished by using trace identity. These two methods can be extended to other kinds of hierarchies. In
constructing the commutator representation, the parameterl is found to be easier to be computed
than the operatorL. We thus provide a transformation to change the operatorL to l in order to
obtain the Lax representation for the DLW hierarchy. Through nonlinearization technique, a finite
dimensional Hamiltonian system is obtained in an explicit form. The Abel–Jacobi coordinates are
introduced from which the algebro-geometric solutions for the DLW equation can be derived by
resorting to the Riemann theta function. The results given in this paper can be applied to many
interesting problems such as higher order constrained flow andr-matrix structure.
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